INTRODUCTION

Ž
. We recall that a ring R with identity is said to be of finite representation type if it is right artinian and has only finitely many isomorphism Ž . Ž classes of finitely generated indecomposable right and left modules see w x. 3, 35 . A right module M over any ring R is of finite endolength if it has w x finite length as a left module over its endomorphism ring 10 . This concept can also be defined for objects in arbitrary locally finitely prew x sented additive categories 13 . Modules of finite endolength have attracted much attention in recent years because of their applications in Ž w representation theory of artinian rings and algebras see, e.g., 10, 11, 28, x. 31 . In particular, it is known that a ring R is of finite representation type Ž w x. if and only if every right R-module is of finite endolength see 10, 51 . w x Auslander 3 implicitly defined a Grothendieck category to be of finite representation type if it is locally finite and has only finitely many nonisomorphic finitely generated indecomposable objects. Generalizing this concept, we define a locally finitely presented additive category A A to be of locally finite representation type if every finitely presented object of A A is of finite endolength, and for every finitely presented object M of A A there are 201 only finitely many nonisomorphic finitely presented indecomposable ob-Ž . jects X in A A such that Hom M, X / 0. The purpose of this paper is to give a systematic study of categories of locally finite representation type, w x extending the classical theory developed in 3 . We will see that there are many interesting examples of categories of locally finite representation type that need not be abelian categories, and may have infinitely many nonisomorphic finitely presented indecomposable objects.
Our paper is organized as follows. In the first section, we collect some basic facts on locally finitely presented additive categories, their functor rings, and objects of finite endolength. We show that there is a bijection between equivalence classes of locally finitely presented additive categories and Morita equivalence classes of rings with enough idempotents. In the second section, we introduce the concept of the pseudodual category of a given category, a notion that will be useful for establishing duality results. In particular, we obtain a duality theorem for rings with enough idempotents which is a generalization of Gruson and Jensen's duality w x w x theorem 25 . Simson's duality principle 39, 42 for left pure semisimple rings is also generalized for an arbitrary pure semisimple Grothendieck category.
In the third section, additive categories of locally finite representation type are studied, and we show that these are precisely the additive categories in which every object is of finite endolength or, equivalently, the additive categories whose functor rings are left locally finite. As a consew x quence of our results, we deduce Auslander's characterization 3 of those additive categories whose functor rings are right locally finite. We also show that additive categories of locally finite representation type are pure semisimple. It is also observed in Proposition 3.8 that our definition of a category of locally finite representation type extends the notion of a locally w x representation-finite category introduced by Gabriel 21 .
In the fourth section, we discuss Grothendieck categories of locally finite representation type and obtain new interesting features. In particular, such categories must be locally finite and have many nice properties that are similar to those of categories of finite representation type studied w x in 3 . In contrast, the functor ring of a Grothendieck category of locally finite representation type need not be right locally finite, and hence the artinian condition on nonisomorphisms between finitely generated indecomposable objects may not hold in these categories. Furthermore, we show that a locally finite representation type Grothendieck category A A has a right locally finite functor ring if and only if A A has enough projective objects, and in this case A A will be equivalent to the category of unitary Ž . right modules over a ring with enough idempotents.
In the last section, we study rings with enough idempotents which are pure semisimple or of locally finite representation type. It is shown that for rings with enough idempotents, the property of being of locally finite representation type is left᎐right symmetric and is equivalent to being pure semisimple on both sides. Finally, we prove a criterion for a left pure semisimple ring with enough idempotents to be of locally finite representaw x tion type, which generalizes a result of Herzog 27 on left pure semisimple rings with identity.
LOCALLY FINITELY PRESENTED ADDITIVE CATEGORIES
We start by recalling the concept of a locally finitely presented additive w x category, introduced by Crawley-Boevey 13 . Let A A be an additive category with direct limits. An object X in A A is finitely presented provided the Ž . functor Hom X, ᎏ : A A ª Ab to abelian groups preserves direct limits. The category A A is said to be a locally finitely presented additi¨e category Ž . Ž . locally f.p. additive category, for short in case the subcategory fp A A of all the finitely presented objects of A A is skeletally small and every object of A A is a direct limit of finitely presented objects of A A. An abelian category A A is locally f.p. if and only if it is a Grothendieck category with a generating Ž w x. w x set of finitely presented objects see, e.g., 13, 2. 4 . We refer to 2, 49, 50 w for general properties of rings, modules, and categories, and refer to 5, 34, x 44 for representation-theoretic terminology and background.
Our first goal is to show that locally f.p. additive categories correspond w x exactly to rings with enough idempotents. Recall from Fuller 18 that a Ž . Ž ring R possibly without 1 is a ring with enough idempotents from now on, . we shall simply say a ring if it contains a family of pairwise orthogonal Ä 4 elements e such that g ⌳
R s
Re s e R.
[ [
⌳ ⌳
The basic example of a ring with enough idempotents is the following: let Ä 4 X be any set of finitely presented objects of a locally f.p. additive 
Ž .
Moreo¨er, the subcategory of all finitely presented objects of Fl R is Ž . equi¨alent to the category proj R of all finitely generated projecti¨e right R-modules.
Proof. We remark first that if R is a ring, then Fl R is a locally f.p. additive category. It is clear that it is additive and that direct systems of Ž . flat right R-modules have direct limits in Fl R . Also, each e R is a finitely Ž .
Ž . presented object of Fl R . On the other hand, let X g Fl R be any finitely presented object. Since X is flat, it is a direct limit of finitely presented projective right R-modules
and this is also a direct limit in Fl R . Thus
and hence the identity morphism X ª X factors through some of the N . This means that X is isomorphic to a direct summand of some N ; hence, i X is a finitely generated projective module. Therefore, the category Ž Ž .. Ž . fp Fl R coincides with the category proj R of all the finitely generated projective right R-modules. In particular, this shows that it is skeletally Ž . small. It also implies that every object of Fl R is a direct limit of finitely Ž . presented objects. By the definition, Fl R is a locally f.p. additive category. We recall now the definition and some basic properties of objects of w x finite endolength in a locally f.p. additive category A A. Following 13 , an Ž . object M is said to be of finite endolength or briefly endofinite if for each Ž . finitely presented object N in A A, the abelian group Hom N, M is of finite length as a left S-module, S being the endomorphism ring of M.
We observe the following simple, but useful, fact. Proof. This follows by Proposition 1.2 from the same property, restricted to modules over rings with enough idempotents. Now this last property is only a variation of the analogous result for modules over unital w x rings in 11, 4.5 .
w x
As in 13 , we can define the concepts of pure-exact sequences, pure-injecti¨e objects, and pure-projecti¨e objects in an arbitrary locally f.p. additive category, generalizing the corresponding notions for modules. An object X is called ⌺-pure injecti¨e if every direct sum of copies of M is pure injective. We have that if an object X is endofinite, then it is ⌺-pure Ž w x . injective see 13, p. 1661 
DUALITY
We examine in this section a duality notion that is connected to the construction of functor rings that we considered in the first section. The results in this section will be useful in the next sections. In particular, our w x version of the Gruson᎐Jensen duality theorem 25 will be a crucial tool for studying left pure semisimple rings with enough idempotents in the ⅷ The family of isomorphism classes of finitely presented right A-Ä 4 modules will be taken to be U . We may assume that ⌳ : ⌬, so that
The idempotent of R that is the identity on the summand U will be
It is easy to see that, as a left R-module, U has a A-modules which includes all isomorphism classes, such that ⌳ : ⌰ and V s Ae . will denote the idempotent of T that is the identity on V .
As a left T-module, we have V ( [ T and each e V ( T . ⌳
Let us now recall the well-known fact that the functor U m ᎏ:
injective as a left R-module. We next consider the contravariant functor
and the fact that U m V is FP-injective entails that the functor D takes
where N is finitely presented, into a short exact sequence of left T-mod- 
identity on the objects R . Since each R is a kernel of a morphism ␦ between finite direct sums of objects of the form R and the functors D and D X are exact over finitely presented objects, it turns out that
This completes the proof.
We mention here a noteworthy application of the above results. It is a well-known fact that if A is a left pure semisimple unital ring, then A is left Morita dual to another unital ring S, such that S is left pure Ž w x . semisimple and right artinian see Simson 39; 42, Proposition 2. 4 . We extend this duality to the case of arbitrary pure semisimple Grothendieck categories. 
We conclude this section with the following interesting remark that was communicated to the authors by Professor D. Simson 
Ž .
A ring R with enough idempotents such that Mod R is a locally f.r.t. category is called a ring of right locally finite representation type. Such rings will be studied in more detail in Section 5. In particular, it will be Ž shown that such a ring is also of left locally finite representation type see . Theorem 5.2 .
GROTHENDIECK CATEGORIES OF LOCALLY FINITE REPRESENTATION TYPE
In this section, we study Grothendieck categories of locally finite reprew x sentation type. Recall that, following the implicit idea of 3 , we shall say that a Grothendieck category is of finite representation type if it is locally finite and has only finitely many nonisomorphic finitely generated indecomposable objects. We start with the following result. 40 . Thus finitely generated objects of A A Ž . are finitely presented, and the second condition of 2 follows immediately Ž . from the definition of locally f.r.t. categories. Therefore, to prove that 2 holds, it suffices to show that A A is locally finite. We follow the proofs of w x w x 40, Theorem 2.5 and 24, Theorem 3 .
Let N be any finitely generated object of A A. Then N is noetherian. It follows easily from the hypothesis that the number of isomorphism classes of indecomposable quotients of N is finite. Since every simple subfactor of N must be isomorphic to a subobject of some indecomposable quotient of N, we infer that the number of isomorphism classes of simple subfactors of N is again finite. Consequently, there exists some noetherian injective object Q which cogenerates all the simple subfactors of N. Suppose now that N is not of finite length. Then we may form a strictly descending infinite chain of subobjects for some natural number k. However, this clearly contradicts the fact that X rX is a simple subfactor of N, cogenerated by Q. Therefore, N is of
Assume that 2 is satisfied. We have to show that each finitely generated object of A A is endofinite. If M is any finitely generated w x object of A A, then M is of finite length. Consider the subcategory M of w x A A. Then it is easy to show that M is a locally finite Grothendieck Ž category with only finitely many nonisomorphic simple objects see, e.g., w
x . w x 50, 32.4 . For any simple object S in M , by hypothesis there are only finitely many nonisomorphic finitely generated indecomposable objects X Ž . w x in A A such that Hom S, X / 0. Because every nonzero object in M contains a simple subobject, it follows that there are only finitely many w x nonisomorphic finitely generated indecomposable objects in M , i.e., w x w x M is a category of finite representation type. By Lemma 4.1, M is a locally f.r.t. category. Now let K and N be any finitely generated objects of A A. We will show Ž . Ž . that Hom N, K is of finite length as a module over End K . Set M s N w x [ K. Then both N and K belong the category M , and they are also finitely generated objects of this subcategory. By the above observation, K w x Ž . is endofinite as an object of M ; hence Hom N, K is of finite length as Ž . a module over End K . Therefore K is endofinite in A A.
w x
Note that the property that M is a category of finite representation type for every finitely generated object M of A A is not enough to ensure that A A is a locally f.r. 
Since I is indecomposable, and I ( I if and only if m s n, it yn n yn n ym m clearly follows that A A is not a locally f.r.t. category.
We observe the following fact for Grothendieck categories with only finitely many simple objects.
COROLLARY 4.5. Let A A be a locally finitely presented Grothendieck category with only finitely many nonisomorphic simple objects. Then A A is a category of locally finite representation type if and only if A A is of finite representation type.
Proof. This follows immediately from Lemma 4.1 and Theorem 4.2.
Ä
4 Let C C s M ¬ i g I be a family of finitely generated indecomposable i objects of a Grothendieck category A A. Recall that add C C denotes the full subcategory of A A consisting of all objects isomorphic to direct summands w x of finite direct sums of objects in C C. Following Auslander and Reiten 4 , for an indecomposable object M in C C and an object N in add C C, a morphism f : N ª M is called a right almost split morphism in add C C provided f is not a split epimorphism, and for any object K in add C C and a morphism g: K ª M that is not a split epimorphism, there is a morphism h: K ª N such that g s fh. If there is a right almost split morphism f : N ª M in add C C for each indecomposable object M in C C, then we say that the family C C has right almost split morphisms. Left almost split morphisms are defined in a dual manner and, similarly, we say that the family C C has left almost split morphisms if there is a left almost split morphism f : M ª N in add C C for each indecomposable object M in Ž . C C. If R is a ring with 1 of finite representation type, then right and left almost split morphisms exist for finitely generated indecomposable right Let K be a field and let A A be the category whose objects are infinite sequences of K-vector spaces V and K-linear maps between them
ear maps, making the diagrams
commutative. This category is clearly an abelian category. An object in A A is indecomposable if and only if it is isomorphic to one of the form
where the arrows which are not trivial are the identities and 1 F n -m F ϱ Ž w x. see 15 . Then A A is a pure semisimple locally f.p. Grothendieck category, which is not locally finite: E has an infinite descending chain of 1, ϱ subobjects E , but it is a noetherian object. ring of each indecomposable object in B B is isomorphic to the field K, and Ž . Hom X, Y is a finite dimensional K-vector space for all finitely generated objects X and Y of B B. It follows that every finitely generated object of B B is endofinite. Therefore B B is a locally f.r.t. category. On the other hand, we have a sequence of canonical nonisomorphic epimorphisms
which shows that the artinian condition on epimorphisms does not hold. In view of the above examples, we consider now the question of when a locally f.r.t. category A A has a right locally finite functor ring or, equivalently, when A A satisfies the artinian condition on nonisomorphisms between finitely generated indecomposable objects. We first prove the folw x lowing lemma, which was observed by Auslander 3, Proposition 3.5 under the additional hypothesis that the category A A contains only finitely many nonisomorphic simple objects. U ª U is a monomorphism, but not an epimorphism, we have that xe re s 0. We first remark that if xe g M is minimal, then U is indecomposable, because if U is not indecomposable, then we can put e as a sum of proper monomorphisms of the type e re .
The second basic observation is the fact that, given any nonzero xe g M, there exists some monomorphism e re : U ª U so that xe re is a minimal element of M. The idea for proving this claim consists of taking the family of all those proper monomorphisms e re : U ª U that satisfy xe re / 0. Since U is of finite length, we infer that there is some minimal element of the family, say e re : U ª U . Then, xe re is minimal.
Finally, we can prove the lemma. Let M be given and take xe a R minimal element in M. If we have some morphism e re : U ª U and a minimal element ye of M such that xe re s ye , then we may deduce easily that e re is an epimorphism between indecomposables. Now the artinian condition on epimorphisms implies that we cannot construct such an infinite chain of morphisms with corresponding minimal elements. Hence there is some minimal element xe of M that satisfies the following condition: if e re : U ª U is such that xe re is a minimal element, then e re is an isomorphism.
Then we show that xe R is a simple submodule of M . To this end, let R r g R be such that xe re / 0. By our previous observation on obtaining minimal elements from arbitrary ones, we may assume that xe re is minimal. The conclusion is that e re is an isomorphism. By taking its inverse, we get that xe g xe re R. Hence xe R is indeed simple.
A Grothendieck category A A is said to have enough projecti¨es if it has a family of projective generators. The next theorem will provide necessary and sufficient conditions for a locally f.r.t. category to have a right locally finite functor ring. 
Ž . 1 The functor ring R of A A is right and left perfect.
Ž . 2 The functor ring R of A A is right and left locally finite.
Ž . 3
A A is a category of locally finite representation type with enough projecti¨es.
Ž . Ž . 4
A A and p A A are pure semisimple categories.
Ž . Ž . 5
A A and p A A are categories of locally finite representation type.
Moreo¨er, if A A satisfies the abo¨e equi¨alent conditions, then A A is equi¨a-lent to the category of unitary right modules o¨er a ring with enough idempotents.
Ž .
Ž . Ž . Proof. 1 « 2 . Assume that 1 is satisfied. Since R is right perfect, w x A A is pure semisimple. By 9, Theorem 2.1 , the functor ring R is also right locally noetherian. Since R is left perfect, each e R satisfies the descending chain condition on finitely generated right ideals. However, since e R Ž . is noetherian, it satisfies the descending chain condition on unitary right ideals, that is, e R is of finite length. This proves that R is right locally finite.
It follows also from the hypothesis that R is right locally coherent. Since R is the functor ring of a Grothendieck category, we have that R is a right w x panoramic ring. By 23, Corollary 2.10 it follows that R is a left panoramic ring.
The ring R op is therefore a right panoramic ring, i.e., it is the functor ring of some Grothendieck category B B. Since it is right and left perfect, it is also right locally finite, as we have just seen. This means that R is a left locally finite ring.
Ž . Ž . Ž . 2 « 3 . Suppose that 2 is satisfied, i.e., the functor ring R of A A is right and left locally finite. By Theorem 3.2, A A is a locally f.r.t. category. w x Since R is right locally finite, R is left perfect; hence by 1, Theorem 2.1 we have that A A is equivalent to the category of unitary right modules over a ring with enough idempotents. This implies that A A has enough projectives.
Ž . Ž . 3 « 1 . Suppose now that A A is a locally f.r.t. Grothendieck category with enough projectives. By Theorem 3.2, the functor ring R is left locally finite; hence R is right perfect. So it remains to show that R is left perfect.
First, we show that A A satisfies the artinian condition on epimorphisms between finitely generated indecomposable objects. Indeed, suppose we are given an infinite sequence of nonisomorphic epimorphisms between finitely generated indecomposable objects
Let now g : P ª X be a nonzero morphism, with P being a finitely 0 0 generated projective object, which exists by our hypothesis. By the projectivity of P, there is a morphism g : P ª X such that g s f g . Similarly,
there is a morphism g : P ª X such that g s f g . An obvious induc-
tion gives an infinite family of morphisms g :
n n Ž . Since Hom P, X s 0 for almost all isomorphism classes of indecomn posable objects X , we infer that there exists a positive integer m such n that whenever n G m, we have that X is isomorphic to some X , with
Thus there is a bound on the lengths of the modules of the family Ä 4 Ž w x . X . Therefore, the Harada᎐Sai lemma e.g., 50, 54.1 shows that the n composition f f иии f must be zero for some k.
2 k
By Lemma 4.9, we deduce that every nonzero right R-module must contain a simple module. On the other hand, because A A is a pure w semisimple Grothendieck category, R is locally right noetherian by 9, x Theorem 2.1 . It follows easily that R must be right locally finite, implying that R is left perfect.
Ž . Ž . 1 m 4 follows by Proposition 2.11. By an analogous argument, we see Ž . Ž . that 2 m 5 . w x EXAMPLE 4.11. Following the ideas in 3 , a locally finite Grothendieck category A A is said to be of bounded representation type if there is a bound on the length of finitely generated indecomposable objects of A A. It is clear that if A A is a category of bounded representation type, then by the w x Harada᎐Sai lemma 50, 54.1 , the functor ring R of A A has nilpotent Jacobson radical, hence R is two-sided perfect, so in particular, it follows by Theorem 4.10 that A A is a locally f.r.t. category with enough projectives.
A simple example of a category of bounded representation type is the following. Let R be a ring having infinitely many nonisomorphic simple right modules. Then the category of all semisimple right R-modules is a Grothendieck category of bounded representation type which contains infinitely many nonisomorphic indecomposable objects.
We conclude this section with some remarks owing to Professor D. Simson .
Ž
. Ž . Remarks 4.12 Simson . a It would be interesting to get a characterization of locally finite locally f.r.t. Grothendieck categories A A in terms of w x the topological pseudocompact ring ⌳ associated to A A as defined in 43 . A A Ž . Ž b Because locally f.r.t. categories are pure semisimple Proposition . 3.3 , we can view the pure semisimplicity for a large class of additive Kcategories as a property that lies in between the locally finite representa-Ž tion type and the tameness, and these inclusions are strict. See Dowbor w x w x and Skowronski 14 and Simson 45 for the concept of tameness foŕ . Grothendieck categories.
PURE SEMISIMPLE RINGS WITH ENOUGH IDEMPOTENTS
Throughout this section R s [ Re s [ e R is a ring with enough ⌳ ⌳ Ž . idempotents, unless otherwise stated. Recall that R is right left pure Ž . Ž Ž op .. semisimple if the category Mod R respectively, Mod R is pure semisimple. We have seen from the preceding section that if A A is a locally f.r.t. Grothendieck category with enough projectives, then A A is equivalent to the category of unitary right modules over a ring with enough idempotents. In this section, we study pure semisimple rings with enough idempotents, and provide necessary and sufficient conditions for these rings to be of locally finite representation type.
Let M be an R-module and let X be a finitely presented R-module. Let U and V be direct sums of representatives of all the finitely presented right and left R-modules, and let S and T be the right and left Ž functor rings of R, respectively i.e., S is the functor ring of the category Ž . Mod R , while T is the opposite of the functor ring of the category Ž op . Mod R : we take the opposite of the functor ring due to the habitude of writing the elements of the functor ring as morphisms, hence opposite to . Ž op . Ž . scalars . Then we know by Theorem 2.9 that Mod S and Mod T are locally coherent categories, and there exist exact duality functors D D and D D X between the categories of finitely presented left S-modules and finitely
In particular, this implies that there is an antiisomorphism between the lattice of finitely Ž . generated submodules of the left S-module Hom e R, U and the lattice Ž . of finitely generated submodules of the right T-module Hom Re , V .
We first give the following characterization of left pure semisimple rings in terms of the endoproperties of the modules U and V defined above. 
Im g is contained in a finite subsum K s [ V and clearly Tg s 
Ž .
Ž . Ž . 2 « 1 . Suppose that b is satisfied, i.e., the right T-module Ž . Hom Re , V has the descending chain condition on finitely generated Ž . submodules for each . It follows easily that Hom X, V has the descending chain condition on finitely generated submodules for each finitely presented left R-module X. This implies, in particular, that the ring T has the descending chain condition on finitely generated right ideals; hence T Ž w x . is left perfect see 50, 49.9 . Therefore R is left pure semisimple by Proposition 1.5.
The next theorem generalizes a well-known result of Auslander for left Ž w x and right pure semisimple rings with identity see Fuller 3 . In view of the above theorem, it is interesting to observe that the property of being pure semisimple is not left᎐right symmetric for w x a ring with enough idempotents, in general. Brune 8 constructed for each natural number n and for n s ϱ a ring with enough idempotents R such that R is left pure semisimple and has right pure global dimension n. As w x was shown in Garcıa and Simson 24, Example 2 , there is a left puré semisimple ring with enough idempotents R such that R is not left locally finite but is right locally finite. However, the corresponding problem for Ž . rings with identity known as the pure semisimplicity conjecture is still w x open. The reader is referred to Simson 47, 48 and the references therein for the history and recent results on the conjecture.
In the remaining part of this section, we will provide a criterion for a left pure semisimple ring with enough idempotents to be of locally finite w x representation type, which is inspired by Herzog's theorem 27 on left pure semisimple rings with identity. First we introduce some new definitions. For the proof of the main theorem of this section, we will need some preparatory lemmas. The first lemma is a generalization of Bjork's theow x rem 6 asserting that over a semiprimary ring with identity every finitely Ž presented module has a semiprimary endomorphism ring see also Proof. First, because R is semiperfect, we observe that if P is a finitely generated projective right R-module, and f : P ª P is an endomorphism Ž .
x. Lemma, p. 6 . Now let M be any finitely presented right R-module. It is easy to see that M is a finite direct sum of indecomposable submodules, so without loss of generality we may assume that M is indecomposable. Again because R is semiperfect, there is a projective cover p: P ª M, where P is Ž w x . a finitely generated projective right R-module see, e.g., 50, 49.10 . By our hypothesis on R, P has a semiprimary endomorphism ring, and let m be the nilpotency index of the Jacobson radical of End P. Now consider any R endomorphism f of M. We claim that either f is an isomorphism or f m s 0, which would imply that End M is semiprimary.
R
Since P is projective, there is g: P ª P such that pg s fp. It follows n n Ž . that pg s f p for any positive integer n. Set K s Ker p . Then K is a Ž . finitely generated small submodule of P, and clearly g K : K. Since R is left perfect, P has the descending chain condition on finitely generated Ž w x . submodules see, e.g., 50, 49.10, 31. 8 . Assume first that f is an epimorphism. Then g is an epimorphism; hence by the observation above g must be an isomorphism. In particular, this implies that the restriction of g to K Ž . is a monomorphism, thus an isomorphism because K is finitely generated . It follows that f is an isomorphism.
In the general case, we can choose a number n large enough so that n Ž .
X p to g P . Then p g P s f M , and it is easy to see that p :
n Ž . presented module. Note that f : f M ª f M is an epimorphism, and by the special case dealt with above, this must be an isomorphism. 
ArB be the canonical map. Then the composition ␥ s ␤␣ is an epimor-Ž . phism from P onto the simple module Sg q B rB. Because P is a k k k finitely generated projective left S-module and End P ( End M is a S k R k local ring, the Jacobson radical of P is the unique maximal submodule of follows that the number of nonisomorphic modules M in C C such that 
Ž .
X finitely presented in Mod T , this implies that E is finitely generated.
Ž .
X
Thus, we obtain a contradiction, because Hom Re , V rE is of finite length, and by our assumption A X is a minimal finitely generated submod- If the left pure semisimple ring R in Theorem 5.11 is assumed to be left locally finite, then we can strengthen the result by showing that the number of nonisomorphic Re -preprojective left R-modules is also finite, for each . Note, however, that left pure semisimple rings with enough Ž w x . idempotents need not be left locally finite see, e.g., 24, Example 2 .
consequence of Theorem 5.11 and Proposition 5.12, we recover the followw x ing result in 27, Theorem 5.2 which was proved under the additional hypothesis that R is two-sided artinian. 
